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Abstract 

The stability number a(G) of a graph G is the size of a maximum stable set 
of G, core(G) = n{S : S is a maximum stable in G}, and £(G) = \core(G)\. In 
this paper we prove that for a graph G without isolated vertices, the following 
assertions are true: (i) if £(G) < 1, then G is quasi-regularizable; (ii) if G is 
of order n and a(G) > (n + k — l)/2, for some k > 1, then £(G) > k + 1, and 
£(G) > k + 2, whenever n + k — 1 is even. The last finding is a strengthening 
of a result of Hammer, Hansen, and Simeone, which states that a(G) > n/2 
implies £(G) > 1. In the case of Konig-Egervary graphs, i.e., for graphs enjoying 
q(G) + "(G) = n, where /i(G) is the maximum size of a matching of G, we 
prove that |core(G)| > \N(core(G))\ is a necessary and sufficient condition for 
q(G) > n/2. Moreover, for bipartite graphs without isolated vertices, £(G) > 2 
is equivalent to ct(G) > n/2. We also show that Hall's marriage Theorem is 
valid for Konig-Egervary graphs, and, it is sufficient to check Hall's condition 
only for one specific stable set, namely, for core(G). 

1 Introduction 

Throughout this paper G = (V,E) is a simple (i.e., a finite, undirected, loopless and 
without multiple edges) graph with vertex set V = V{G) and edge set E = E{G). If 
X cV, then G[X] is the subgraph of G spanned by X. By G — W we mean either the 
subgraph G[V - W] , if W C V(G), or the partial subgraph H = (V,E — W) of G, for 
W C E{G). Anyway, we use G-w, whenever W = {w}. If A, B C V and A n B = 0, 
then stands for the set {e = a6 : a 6 A, 6 6 B, e 6 i?}. A stable set 5 of 

maximum size will be referred as to a maximum stable set of G, and a(G) = \S\ is the 
stability number of G. Let 0(G) and core(G) denote respectively the sets {S : S is 
a maximum stable set of G} and Ci{S : S S Q(G)}, while £(G) = \core(G)\. Clearly, 
any isolated vertex of a graph G is contained in core(G). Let us define isol(G) as 
the set of isolated vertices of G. The neighborhood of a vertex v € V is the set 
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N(v) = {w : w G V and vw G E}, and for A C V,iV(A) = U{A^(u) : u G A}, while 
AT [A] = A U -/V(yl). By C n , AT„, P„ we denote the chordless cycle on n > 4 vertices, 
the complete graph onn > 1 vertices, and respectively the chordless path on n > 3 
vertices. 

A matching is a set of non-incident edges of G; a matching of maximum cardinality 
/i(G) is a maximum matching, and a perfect matching is a matching covering all the 
vertices of G. G is a Konig-Egervary graph provided a(G) + fi(G) = \V(G)\, j§, |p^| . 
According to a well-known result of Konig, [^], and Egervary, ||, any bipartite graph 
enjoys this property. 

A graph G is a + - stable if a(G + e) — a(G), for any edge e G E(G), where G is the 
complement of G, |Q . The following characterization of a + -stable graphs, without any 
referring to this notion, had been proved in || three years before the above definition 
was proposed. 

Theorem 1.1 W A graph G is a + -stable if and only «/£(G) < 1. 



This result motivates that a graph G is referred to as: (i) a^-stable, if £(G) = 

For 



and (ii) a{ -stable provided £(G) = 1, 1 1 1 



instance, G4 is -stable, K% 
a^~-stable, and the diamond, i.e., the graph K4 — e, is not a + -stable (see Figure [j]) 



e is 





Figure 1: Two non-a^-stable graphs: (a) K4 — e; (6) K3 + e. 



A graph G is quasi-regularizable if one can replace each edge of G with a non- 
negative integer number of parallel copies, so as to obtain a regular multigraph of 
degree ^ 0, For instance, the diamond is quasi-regularizable, while P 3 is not 
quasi-regularizable. Clearly, any quasi-regularizable graph has no isolated vertices. 
Moreover, a disconnected graph is quasi-regularizable if and only if any of its con- 
nected components is a quasi-regularizable graph. 

In this paper we analyze the relationship between a(G) and £(G). We show that if 
Ghas \isol(G)\ ^ landa(G) > (|V(G)|+fc-l)/2, then necessarily £(G) > fc+1 holds; 
moreover, £(G) > k + 2 is valid, whenever | V(G)| +fc — 1 is an even number. For k = 1, 
we obtain a strengthening of a result of Hammer, Hansen and Simeone, ||, which 
claims that £(G) > 1, whenever a(G) > \V(G)\ /2. The fact that a(G) > \V{G)\J2 
together with \isol{G)\ ^ 1 implies £(G) > 2 were first established in [|| and Q 
for bipartite graphs and Konig-Egervary graphs respectively. From the historical 
perspective it is also worth mentioning that £ (T) ^ 1 holds for any tree T of order at 
least two, as Gunther et al., Q], and independently, Zito, ]l4[| , have shown. Moreover, 
^ (G) ^ 1 is true for an arbitrary bipartite graph G, |J . 

We also thoroughly investigate the special cases of Konig-Egervary graphs and 
bipartite graphs, for which some sufficient conditions implying a(G) > \V(G)\ /2 are 
found. We infer that Hall's marriage Theorem is true for Konig-Egervary graphs as 
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well as for bipartite graphs, and obtain a new characterization of Konig-Egervary 
graphs having a perfect matching in terms of properties of core(G). 



2 The main result: a(G) > (n+fc-l)/2 => > k+1 

Recall the following characterization of quasi-regularizable graphs, due to Berge. 

Theorem 2.1 j^j A graph G is quasi-regularizable if and only if |S| < |iV(S) holds 
for any stable set S of G. 

Corollary 2.2 If G is a quasi-regularizable graph, then a(G) < \V(G)\ /2. 

Lemma 2.3 For a graph G let So be a set of vertices such that 

| So | = rnin{|S| : S is stable in G and \S\ > \N(S)\}. 

If isol(G) = 0, then the following assertions hold: 

(i) G is quasi-regularizable if and only if |Sq| = 0; 

(ii) G is not quasi-regularizable if and only if | So | > 2 . 



Proof, (i) It is clear, according to Theorem 2.1. Consequently, G is not quasi- 
regularizable if and only if |So| > 1, in fact, if and only if |So > 2, since So is 
contained in some connected component of G. ■ 





G\ G2 
Figure 2: Non-Quasi-Regularizable graphs. 

If isol{G) ^ 0, then the above set So has cardinality |So| = 1. It is worth men- 
tioning that there is a close relation between So and core(G). In order to see this we 
need the following characterization of a maximum stable set of a graph, due to Berge. 

Theorem 2.4 ^/ A stable set S belongs to Q(G) if and only if every stable set A of 
G, disjoint from S , can be matched into S . 

Lemma 2.5 If G is not quasi-regularizable and So is a set of vertices such that 

\Sq\ = min{|S| : S is stable in G and |S| > |7V(S)|}, 
then So C core(G). 
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Proof. Clearly, the assertion is true for the case that isol(G) 7^ 0, since all the 
isolated vertices of G are contained in any S £ Q{G), and So consists of a single 
isolated vertex. 

Now, let G be without isolated vertices, and suppose, on the contrary, that there 
exists some S £ Q{G), which docs not include So- 



Case 1. So H S = 0. According to Theorem \2A , So can be matched into S, and 
this yields |So| < |JV(5o)|, in contradiction with the definition of So- 

Case 2. S nS = Si ^ 0. Since S -Si is stable and disjoint from S £ 0(G), Theo- 



rem implies that So — Si can be matched into S. Hence, \So — Si\ < \N(So — Si)\. 
Consequently, by So| > |iV(So)| we get that |Si > |JV(iSi)|, thus contradicting the 
minimality of So- 

Thus, we may conclude that So C S, for any S £ 0(G), and this ensures that 
So C core(G). ■ 

Remark 1 IfGis not quasi-regularizable and satisfies isol(G) = 0, iften t/ie inclusion 
in Lemma \2.l\ may be sometimes strict. For instance, the graph Gi in Figure has 
So = core{Gi) — {a, b}, while for the graph G2 in the same Figure we note that 
So = {a,b} C core{G-2) = {a,b,c}. 

Proposition 2.6 Any a + -stable graph free of isolated vertices is quasi-regularizable. 

Proof. Assume that G is a non-quasi-regularizable a + -stable graph with isol(G) = 0. 
According to lemmas |2.3| and |2.5| , there exists some stable set So in G, with |So| > 2, 
such that So C core(G). Consequently, we obtain that £(G) > 2, a contradiction, 
since by virtue of Theorem [0], G must satisfy the condition £(G) < 1. ■ 

The restriction "free of isolated vertices'''' in the proposition above is essential, since 
no graph G with isol(G) 7^ can be quasi-regularizable, but there exist a + -stable 
graphs having isolated vertices; e.g., any graph consisting of one isolated vertex and 
a K n ,n > 2, is a + -stable. Nevertheless, \isol(G)\ < 1 holds for any a + -stable graph 
G. 



Combining Proposition 2.6 and Corollary |2.2j we obtain the following: 



Corollary 2.7 If G is an a+ -stable graph with isol(G) = 0, then a(G) < \V (G)| /2. 



Remark 2 The inequality in Corollary 2.7 is not true for any a + -stable graph. For 



instance, the graph G consisting of two connected components, namely one isolated 
vertex and a C^, is a + -stable and a{G) = 3 > |V(G)| /2 = 5 / 2. If G consists of 
one isolated vertex and a K n , n > 2, then G is a + -stable and a(G) = 2 > \V (G)| /2, 
for n = 2, a(G) = 2 = \V (G)\ /2, for n = 3, while for n > A, a(G) = 2 < \V (G)| /2. 

Proposition 2.8 Let G be a graph with a(G) > \V(G)\ /2. Then the following state- 
ments are equivalent: 

(i) G is a + -stable; 

(ii) G is -stable; 

(Hi) G has a unique isolated vertex v, £(G — v) = and a{G — v) = {\V{G) \ — 1)/2. 
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Proof. If |V(G)| = 1, the result is obvious. Suppose now that n — \V(G)\ > 1. 
(i) =>■ (ii), (Hi) As an a + -stable graph, G may have at most one isolated vertex, and 
using now Corollary 2.7, we get that G has exactly one isolated vertex, say v. It follows 
that G is a^~-stable, core(G) = {v} and G — v is aj-stable with a(C 
Since G — v is a + -stable and has no isolated vertices, Corollary 
a(G — v) < (n — l)/2. Hence, we obtain: 



v) = a(G)-l. 
2.7 ensures that 



n/2 - 1 < a(G) - 1 = a(G - v) < (n - l)/2, 

which implies that n must be odd and a(G — v) = (n — l)/2. 
The implications (Hi) => (ii) and (ii) =>■ (i) are clear. ■ 

Corollary 2.9 There is no graph G satisfying a(G) > \V (G) \ /2, such that either 
(i) G is -stable and of even order, or (ii) G is -stable. 



Corollary 2.10 If a(G) > \V (G)\ /2 and f(G) = 1, then \V(G)\ = 1 mod 2. 

Theorem 2.11 Let G be a graph with a(G) > \V (G) \ /2. Then the following state- 
ments are true: 

(i) if \isol(G)\ ^ 1, then f(G) > 2; 

(ii) if£(G) = 1, then \isol(G)\ = 1; 
(Hi) ^(G) = never holds. 

Proof, (i) The result is clear, whenever \isol(G)\ > 2, because £(G) > \isol(G)\. Let 



isol(G) = 0, and suppose, on the contrary, that £(G) < 1. By Theorem 1.1, we infer 



that G is an a + -stable graph. Hence, Corollary 2.7 ensures that a(G) < \V (G)\ /2, 
in contradiction with the premise on G. Therefore, £(G) > 2 is true. 

(ii) If £(G) = 1, then \isol(G)\ = 1, since otherwise, according to (i), G must 
satisfy £(G) > 2. 



(iii) If £(G) = 0, then G is a+-stable. Since a(G) > \V (G)\ /2, Proposition || 
implies that G must be a^-stable, i.e., ^(G) = 1, in contradiction with the assumption 
on G. ■ 

Remark 3 The condition £(G) > 2 is noi strong enough to ensure a(G) > n/2. 
Moreover, for any positive integer k, one can choose an arbitrarily large positive 
integer p and build a graph G — (V, E), with n = k + p vertices, such that £(G) = k 
and a(G) < n/2. For instance, such a graph G = (V, E) is defined by: 

V = {x, : 1 < i < k}U{ yi : 1 < i < p}, E = {x lVl : 1 < i < k}U{y iyj : 1 < i < j < p}. 



Theorem 2.11 is a strengthening of the following result, due to Hammer, Hansen 
and Simeone: 

Corollary 2.12 ^ If G has a(G) > |V(G)|/2, then ^(G) > 1. 



5 



Proposition 2.13 If G = (V,E) and H = G[V - N[core(G)}], then the following 
assertions are true: 

(i) H has no isolated vertices; 

(ii) a(H) = a(G) -£(G); 

(Hi) Sh G Cl(H) if and only if there is Sg £ 0(G), such that Sh — Sg H V(H); 

(iv) H is a.Q -stable; 

(v) \S - core(G)\ < \N(S) - N(core(G))\ holds for any S £ 0(G). 

Proof. If core(G) = 0, then H = G and all the assertions are valid. Assume that 
core(G) ^ 0. Let S G £l(G),A = S- core(G) and B = V - S - N(core(G)). 

(i) Suppose, on the contrary, that H has an isolated vertex v. 

Case 1. v G B. Then ({v} , core(G)) = ({v},A) = 0, because v N(core{G)) and 
it is isolated in H . Hence, S U {v} is stable in G, contradicting the maximality of S. 

Case 2. v G A. Let W G ft(G),W ^ S. Then core{G) C W,W n B / $,W n 
N (core{G)) = and maybe W D A ^ ®. Hence, v is adjacent to no vertex in W, 
and since W is a maximum stable set in G, we infer that v G W. It follows that 
v G core(G), in contradiction with the fact that v £ A = S — core{G). 

(ii) Since A is stable, it follows that a(G) — £(G) = |A| < a(H). Suppose, 
on the contrary, that a(H) — \Sh\ > \A\, with Sh G fi(iT). Hence, we get that: 
(Sh n A, core(G)) = (S H n 5,^6(0)) = 0, because n A C A C 5 and also 
BniV(core(G)) = 0. Consequently, 5 ff Ucore(G) is stable in G and |5 ff U core(G)\ = 
\S H \ + £,{G) > \A\ + £(G) = a(G), in contradiction with definition of a(G). 

(Hi) If S H G n(H), then n B,core{G)) = 0, because S n N{core{G)) = 0, 
and evidently (Sh H A, core(G)) = 0. Hence, Sg = core(G) U S# is stable in G and 
since, by (ii), a(H) = \S H \ = a(G) - £(G), we infer that S G £ 0(G). 

Conversely, if Sh — S G H V(£f) and Sg G 0(G), then S_y is stable in as well, 
and | = \Sq\ - C(G) = a(G) - ^(G) = a(ff). Therefore, S H G fi(ff). 

(iv) According to (m), it follows that core(H) = 0, i.e., H is -stable. 

(u) H is aj-stable and has no isolated vertices. Hence, Corollary [2.7| implies that 
a(H) < \V(H)\ j2, i.e., |S - core(G)\ = \A\ < \B\ = \N(S) - N(core(G))\ . ■ 

Remark 4 The inequality \S — A\ < \N (S) — N (A)\ is not generally true for any 
subset A of a maximum stable set S . For instance, for the graph in Figure one can 
take S = {a, 6, c, d, e}, A = {b, c, d}, and get \S-A\=2> \N(S) - N(A)\ = 1. 

abed 



Figure 3: A counterexample to \S - A\< \N(S) - N(A)\ 



By Corollary 2.2, if a(G) > \V (G) \ /2, then G is not quasi-regularizable. From 



the point of view of Berge's Theorem 2.1, an elementary obstacle to being quasi 



regularizable is the presence of a stable set S in G satisfying |S| > |A(S)|. An 
interesting question is how to present at least one such stable set for the graph G. 
The following result gives a canonical procedure for constructing such a stable set, 
when a(G) > \V(G)\/2. 



(> 



Theorem 2.14 If a graph G has a(G) > \V {G)\ /2, then \core(G)\ > \N(core{G))\. 



Proof. Let S e Q(G), A = S - core(G),B = V - S - N(core(G)), and also 
H = G[V - N[core{G)})]. By Proposition [u| a(H) = a{G) - ((G) = \A\. Sup- 
pose, on the contrary, that ((G) < \N (core(G))\ . Since a(G) > \V (G)\ /2 we get 
a(G) = ((G) + \A\ > \N(core(G))\ + \B\, which together with ((G) < \N(core(G))\ 
gives \A\ = a(G) - ((G) > \V (G)\ /2 - \N(core(G))\ = \B\. Therefore, it follows 



a(H) = \A\ > \V(H)\ /2. Using again Pr opo sition ^.13 , we infer that H is a^-stable 



and isol(H) = 0. According to Corollary |2.7|, it follows that a(H) < \V(H) \ /2, which 
contradicts the premise of the theorem. 



The converse of Theorem 2.14 is not generally true. The graph in Figure [| illus- 
trates this assertion. 



Figure 4: ((G) > \N(core(G))\ and a(G) < \V (G)\ /2. 



Proposition 2.15 If a graph G has a(G) > |V(G)|/2, and ((G) < k, for some 
k>2, then a(G) < (\V(G)\ + k- l)/2. 

Proof. The result is clear for |U(G)| = 1. 

If \V(G)\ > 1, let us denote H = G[V(G) - N[core(G)]]. Then wc obtain: 

\V(H)\ = \V(G)\ - \core(G)\ - \N(core(G))\ = \V(G)\ - ((G) - \N(core(G))\ . 



By Proposition 2.13 , H is aj-stable and isol(H) = 0. According to Corollary \2.7[ it 
follows that a(H) < \V(H)\ /2 < (\V(G)\ - ((G) - l)/2, and consequently, we infer 
that: a(G) = a(H)+((G) < (\V(G)\-((G) - l)/2 + ((G) = (\V(G)\+((G) - 1)/2 < 
(\V(G)\+k-l)/2. m 

Theorem 2.16 If \isol(G)\ ^ 1 and a(G) > (\V(G)\ +k - l)/2, for some k > 1, 
then the following assertions are true: 

(i) ((G) >k + l, whenever \V(G)\ + k-l is odd; 

(ii ) ((G) > k + 2, whenever \y(G)\ + k — 1 is even. 

Proof. Clearly, n = \V(G)\ ^ 1. First we show that (i) is always valid. For k = 1 
this assertion is exactly the claim of Theorem 2.1l| (i). Suppose t hat k > 2, and 



a(G) > (n + k - l)/2 > n/2. If ((G) < k, then by Proposition |2T5| , it follows 
that a(G) < (n + k — l)/2, in contradiction with the premises on a(G). Therefore, 
((G) > k + 1 is true for any k > 1. Assume that (ii) is not valid. Therefore we 



get that ((G) < k + 1, and because a(G) > (n + k — l)/2 > n/2, Proposition 2.15 
implies that a(G) < (n + k + 1 — l)/2 = (n + k)/2. Hence we obtain the following 
contradiction: 
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[n + k - l)/2 < a(G) < (n + k)/2, 
since a(G) must be a positive integer. ■ 



For k = 1, we obtain the following s treng thening of Corollary 2.12 due to Hammer, 
Hansen and Simeone, and of Theorem |2.11 (i): 



Corollary 2.17 If \isol(G)\ ^ 1 and a(G) > \V(G)\/2, then ((G) > 2, whenever 
\V(G)\ is odd, and ((G) > 3, if\V(G)\ is even. 



Remark 5 The graph G in Figure shows that the bounds in Theorem 2.16 are tight. 
We may consider either k = r — 1 or k = r, and correspondingly, n + k — 1 will be 
even or odd. 




3 Konig-Egervary graphs and bipartite graphs 

In the sequel we deal with Konig-Egervary graphs, for which we show that the converse 
of Theorem 2.14 is also true. It is known that [n/2\ + 1 < a(G) + fi(G) < n holds 
for any graph G with n vertices. 

Lemma 3.1 If G is a Konig-Egervary graph, then a(G) > ^(G). 

Proof. Since fi(G) < \V(G)\ /2 holds for any graph G, and \V(G)\ = a(G) + fi(G) is 
true for G a Konig-Egervary graph, then clearly follows that a(G) > fJ.(G) is valid in 
our premise on G. ■ 

Corollary 3.2 If G is a Konig-Egervary graph, then the following statements are 
true ' 

(i) a{G)>\V(G)\/2; 

(ii ) a(G) = \V(G)\ /2 if and only if G has a perfect matching; 
(Hi) a(G) > \V(G)\ /2, whenever isol(G) ^ 0. 
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Combining Proposition 2.8 and Corollary |3.2j we may conclude that: 



Proposition 3.3 If G is an a + -stable Konig-Egervdry graph with \isol (G)\ =/= 1, i.e., 
isol(G) ^ 0, thena(G) = \V{G) \/2. 

Remark 6 There are non-a + -stable Konig-Egervdry graphs G, without isolated ver- 
tices, such that a(G) = \V(G)\/2. For instance, the graph G in Figure |] has 
a(G) = 3 = \V(G)\ /2 and £(G) = 2, i.e., G is not a + -stable. Notice that G has 
perfect matchings. 



Figure 6: A Koenig-Egervary graph G with a(G) = \ V (G)\ /2 and £(G) > 2. 



Proposition 3.4 If G is a Konig-Egervdry graph, then the following statements are 
equivalent: 

(i) a(G)>\V(G)\/2; 

(ii) G has no perfect matching; 
(in) G is non-quasi-regularizable; 
(iv) ^(G) = \core(G)\ > \N{core(G))\. 



Pro of. Theorem 2.14 ensures that (i) =>(iv); the step (iv ) => (iii) is clear by Theorem 
2.1; the implication (Hi) =>(ii) follows from Theorem 2.1; and (ii) (i) is true 



according to Corollary 3.2 



Remark 7 In general, (ii) implies neither (i) nor (Hi); e.g., the graph K3. The 
graph in Figure [J shows that (i) does not always follow from (Hi) or from (iv). 



Remark 8 If G is a Konig-Egervdry graph with isol(G) 7^ 0, then all the assertions 
in Proposition 3.4 are valid, since (i) follows from Corollary S.L 



Theorem 3.5 If G is a Konig-Egervdry graph, then the following statements are 
equivalent: 

(i) a(G) = \V(G)\/2; 

(ii) G has a perfect matching; 
(Hi) G is quasi-regularizable; 
(iv) \core(G)\ < \N(core(G))\. 



Proof. It follows from Proposition 3.4 and Lemma 3.1 



Remark 9 There are quasi-regularizable graphs without perfect matching; e.g., the 
graph in Figure [?|. 
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Figure 7: G is quasi-regularizable, but has no perfect matching. 



Remark 10 The equivalence (ii) (Hi) in Theorem |ff. <5| (and comparison with The- 
orem ^L\ ) shows that Hall's marriage Theorem is also true for Konig-Egervdry graphs. 
Moreover, according to (iv), it is sufficient to check Hall's condition only for one spe- 
cific stable set, namely for cor e(G). 



Remark 11 The graph in Figure g shows that there exist non- quasi-regularizable 
graphs satisfying the inequality \core(G)\ < \N(core(G))\ . 



Figure 8: G is not quasi-regularizable, and \core (G) \ = 3 < \N (core(G))\ = 4. 



Proposition 3.6 If G = (A, B, E) is a bipartite graph with \isol (G)| ^ 1, then either 
(i) £(G) > 2, or (ii) £(G) = and A, B 6 Q{G). 



Proof. By Corollary |3.2|, G satisfies a(G) > \V (G)\ /2. If a(G) > \V{G)\/2, then 
\isol (G)| + 1 assures that £(G) > 2 holds, by Theorem [TH]. If a(G) = \V (G)| /2, 



then Corollary implies that |A| = |B| = |V(G)|/2. Hence, A, B e 0(G) and 

evidently £(G) = 0. ■ 

Remark 12 T/ie above result is not true for all Konig-Egervdry graphs. Moreover, 
for any even positive integer k there exists a Konig-Egervdry graph G of order k with 
£(G) = 1. This observation is illustrated in Figure^, where core(G) = {02}. 

If the order of a Konig-Egervdry graph G is odd, then a(G) > |V(G)|/2 and 
consequently £(G) > 2. However, for every odd positive integer k there exists a graph 
G of size k with £(G) = 1. For instance, the graph H = (V(G) U {03}, E(G) U 
{01C3, &1C3}) is of odd order k = 2p + 3 and core(H) = {c^}. 



Theorem 3.7 If G is a bipartite graph with £(G) = 1, then \isol(G)\ = 1 and 
\V(G)\ = 1 mod 2. 
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Figure 9: A Koenig-Egervary graph G of order k = 2p + 2 with £(G) = 1. 



Proof. Proposition 3.6 ensures that \isol(G)\ = 1. Then, Corollary 3.2 implies that 
a(G) > \ V (G) | /2, and consequently, |F(G)| = 1 mod 2 is now true, according to 
Corollary f2T0[ ■ 



As a consequence of Proposition |3.6| we obtain the following characterization of 
a + -stable bipartite graphs. 

Corollary 3.8 j^/ For a bipartite graph G with \isol(G)\ 1, the following assertions 
are equivalent: 

(i) G is a + -stable; 

(ii) G has a perfect matching; 

(Hi) G possesses two maximum stable sets that partition its vertex set. 



Proof, ( i) = j> (ii), (Hi) By Proposition p.3| , we get that a( G) — |V(G)|/2. Hence 



Theorem 3.5 implies (ii), and (Hi) follo ws fr om Proposition 3.6. 
(Hi) => (i) It is evident, by Theorem |l.l| . 

(ii) => (Hi) If G has a perfect matching, then Theorem 3.5 assures that a(G) 



\V (G)\ /2, and this leads (see the proof of Proposition |3.6|) to A, B G Vl(G). ■ 

This result generalizes the corresponding statement for trees, given in [^J. 

Clearly, Proposition 3.4 is true for bipartite graphs as well, since they are Konig- 
Egervary graphs. Moreover, using Corollary 3.8, we obtain a stronger form of this 
assertion. 



Proposition 3.9 If G is a bipartite graph with \isol (G)\ ^ 1, then 

a(G) > \V (G)\ /2 if and only if £(G) > 2. 
Proof. According to Theorem 



2.11 



_ (i), \isol(G)\ ^ 1 and a(G) > \V (G)\ /2 implies 
that £(G) > 2 is true for general graphs. 

Conversely, for G a bipartite graph with \isol (G)\ ^ 1, we have to show that if 

it follows that G is not 



1.1 



£(G) > 2, then also a(G) > \V (G)\ /2. By Theorem _ 
a + -stable, and then Corollary |3.8| implies that G has no perfect matching. Hence, by 
Corollary O we get that a(G) > \V (G)\ /2. ■ 
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4 Conclusions 



In this paper we have presented a number of relations connecting a(G) and £(G), 
whenever a(G) > \V(G) \ /2, with emphasis on Konig-Egervary graphs and bipartite 
graphs, for which some sufficient conditions are also necessary. It would be interesting 
to see which of these results can be transferred to graphs satisfying a(G) — \ V(G)\ /2 
or less. The special case of Konig-Egervary graphs could offer a promising start, 
since for them the condition a(G) < \V(G)\/2 is equivalent to a{G) = \V(G)\/2. 
We also have shown that a necessary and sufficient condition for a Konig-Egervary 
graph G to have a perfect matching reads as |core(G)| < \N(core(G))\. The following 
challenging problem seems to be of algorithmic nature: how to find core(G), at least 
for Konig-Egervary graphs. 

Fugure |h] suggests the following questions: what must be added to £(G) > 2, 
in order to get a(G) > \V(G)\/2 for, at least, Konig-Egervary graphs; when the 
inequality \core(G)\ > \N(core(G))\ can be obtained from £(G) > 2? 



.(G) > \V(G)\/2 



\core(G)\ > \N(core(G))\ 



G is a Konig-Egervary graph 



£(G) > 2 



G is a bipartite graph 



Figure 10: A scheme of interconnections between the main findings of the paper. 



5 Acknowledgment 

The authors thank Professor Uri Peled for his careful reading of this manuscript, and 
also for his suggestions and comments. 



References 

[1] C. Berge, Some common properties for regularizable graphs, edge- critical graphs 
and B -graphs, in "Graph Theory and Algorithms Lecture Notes in Computer 
Science", Vol. 108, Springer- Verlag, Berlin, 1980, 108-123 . 

[2] R. W. Doming, Independence numbers of graphs - an extension of the Konig- 
Egervary theorem, Discrete Mathematics 27 (1979), 23-33. 

[3] E. Egervary, On combinatorial properties of matrices, Matematikai Lapok 38 
(1931), 16-28. 



12 



[4] G. Gunthcr, B. Hartnell, and D. F. Rail, Graphs whose vertex independence 
number is unaffected by single edge addition or deletion, Discrete Applied Math- 
ematics 46 (1993), 167-172. 

[5] T. W. Haynes, L. M. Lawson, R. C. Brigham and R. D. Dutton, Changing 
and unchanging of the graphical invariants: minimum and maximum degree, 
maximum clique size, node independence number and edge independence number, 
Congresus Numcrantium 72 (1990), 239-252. 

[6] P. L. Hammer, P. Hansen, and B. Simcone, Vertices belonging to all or to no 
maximum stable sets of a graph, SIAM Journal of Algebraic Discrete Methods 3 
(1982) 511-522. 

[7] D. Konig, Graphen und matrizen, Matematikai Lapok 38 (1931), 116-119. 

[8] V. E. Levit and E. Mandrescu, On a-stable graphs, Congressus Numerantium 
124 (1997), 33-46. 

[9] V. E. Levit and E. Mandrescu, The structure of a-stable graphs, The Third 
Krakow Conference On Graph Theory, Krakow University, Kazimierz Dolny, 
Poland (1997), math.CO/9911227 (1999). 

[10] V. E. Levit and E. Mandrescu, On a + -stable Konig-Egervdry graphs, The Ninth 
SIAM Conference on Discrete Mathematics, University of Toronto, Canada 
(1998), math.CO/9912022 (1999). 

[11] V. E. Levit and E. Mandrescu, Well-covered and Konig-Egervdry graphs, Con- 
gressus Numerantium 130 (1998), 209-218. 

[12] L. Lovasz and M. D. Plummer, "Matching Theory" , Annals of Discrete Math. 
29 (1986), North-Holland. 

[13] F. Sterboul, A characterization of the graphs in which the transversal number 
equals the matching number, Journal of Combinatorial Theory Series B 27 (1979), 
228-229. 

[14] J. Zito, The structure and maximum number of maximum independent sets in 
trees, Journal of Graph Theory 15 (1991) 207-221. 



13 



